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Abstract. We presenta robust methodof estimatingan effective Holder expo-

nentlocally at an arbitrary resolution.The methodis motivated by the multi-

plicative cascadeparadigm,andimplementedon the hierarchyof singularities
revealedwith the wavelettransformmodulusmaximatree.In addition,we illus-

tratethepossibilityof thedirectestimatiorof thescalingspectrunof theeffective

Holderexponentandwe link it to theestablishegbartitionfunctionsbasednulti-

fractalformalism.We motivateboththelocal andthe globalmultifractalanalysis
by shaving examplesof computemgeneratecéndreallife time series.
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1 Intr oduction

The applicationof the wavelet transform(modulusmaxima)representatiomnf a sig-
nal to multi-fractalanalysishasalmostreachedhe statusof a standardTheformalism
developedby Arneodoet al in the early nineties[1, 2] hasbeenextensiely usedto
testmary naturalphenomenandhascontributedto substantiaprogressn eachdo-
mainin which it hasbeenapplied[3, 4, 5]. Neverthelesghe respectre methodology
is intrinsically statisticalin natureand providesonly global estimatesof scaling(of
the momentsof relevant quantity). While this is often a requiredproperty thereare
caseswhenlocal information aboutscaling provides more relevant informationthan
the global spectrum This is particularlytrue for time serieswherescalingproperties
arenon-stationarywhetherit be dueto intrinsic changesn the signalscalingcharac-
teristicsor evenboundaryeffects.

We, therefore,addressthe problem of estimationof the local scaling exponent
throughthe paradignmof the multiplicative cascadeéWe revealthe hierarchyof thescal-
ing branchesf the cascadeavith the wavelet transformmodulusmaximatree,which
hasprovento be an excellenttool for the purposg?2, 6]. Contraryto the intrinsically
instablelocal slopeof the maximalines, this estimates robustandprovidesa stable,
effective Holderexponentjocalin scaleandposition.Fromthisanattemptcanbemade
to derive the multifractal spectradirectly from log-histogramscalingevaluation,link-
ing thelocal analysiswith theglobalmultifractalspectraapproachNot asstableasthe
global scalingestimatesrom the partition functionsmethod,the direct histogramof



the effective Holder exponentprovidesconsiderablymoreinformationaboutthe rela-
tivedensityof local scalingexponentsandwith someaddedon stabilisationmayprove
to beaninterestingalternatve in multifractalspectraestimation.

The structureof the paperis asfollows. In section2, we focuson therelevantas-
pectsof the wavelettransformationjn particularthe ability to characterisescale-free
behaiour throughthe Holder exponent.Togetherwith the hierarchicalscale-wisede-
compositionprovided by the wavelettransform,it will enableusto revealthe scaling
propertieof thetreeof the multiplicative cascadingprocessln section3, we introduce
a technicalmodel enablingus to estimatethe scale-freecharacteristiqthe effective
Holder exponent)for the brancheof sucha processin section4, we usethe derived
effective Holder exponentfor the local temporaldescriptionof the time seriescharac-
teristicsat a givenresolution(scale).This s followedby ananalysisof distributionsof
local h andthe (scaling)evolution of the log-histogramandits relationto the standard
partition functionsbasedmultifractal formalism.We motivateboth the local and mul-
tifractal analysisby shaving examplesof generatedndreallife time series.Section5
closeghe papemwith conclusionandsuggestionfor futuredevelopments.

2 Continuous Wavelet Transform and its Maxima Usedto Reveal
the Structure of the Time Series

TherecentlyintroducedWavelet Transformation(WT), seee.g.Ref.[7, 8], providesa
way of analysinghelocal behaiour of functions.In this, it fundamentallydiffersfrom
globaltransformdik e the Fourier Transformationln additionto locality, it possesses
theoftenverydesirableability of filtering the polynomialbehaiour to somepredefined
degree.Therefore,correctcharacterisatiomnf time seriesis possible,in particularin
the presencef non-stationaritieslik e globalor local trendsor biasesOneof themain
aspectof the WT which is of greatadvantagefor our purposes the ability to reveal
thehierarchy of (singular)featuresjncludingthe scalingbehaiour. [2]

Conceptuallythewavelettransformations a corvolution productof thetime series
with the scaledandtranslateckernel- thewavelety)(z), usuallyan — th derivative of
asmoothingkerneld(z). Usually, in the absencef othercriteria, the preferredchoice
is the kernel,which is well localisedbothin frequeny andposition.In this report,we
chosethe Gaussiard(z) = exp(—z?/2) asthe smoothingkernel,which hasoptimal
localisationin bothdomains.

The scalingandtranslationactionsare performedby two parametersthe scalepa-
rameters ‘adapts’the width of the wavelet kernelto the microscopic resolution re-
quired,thuschangingts frequeng contentsandthe locationof the analysingwavelet
is determinedy theparameteb:
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wheres, b € R ands > 0 for the continuousrersion(CWT).
In figure 1, we shav the wavelettransformof a randomwalk sampledecomposed
with the Mexicanhatwavelet- the secondderivative of the Gaussiarkernel.Fromthe
definition,thetransfornretainsall of thetemporalocality properties thepositionaxis
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Fig. 1. ContinuousWavelet Transformrepresentatiomf the randomwalk (Brownian process)
time series. Thewaveletusedis the Mexican hat - the secondderiative of the Gaussiarkernel.
The coordinateaxes are: positionz, scalein logarithmlog(s), andthe value of the transform
W(s, ).

is in theforefrontof the 3D plot. The standardvay of presentinghe CWT is usingthe
logarithmicscale thereforethe scaleaxis pointing ‘in depth’of theplotis log(s). The
third verticalaxisdenoteghe magnitudeof thetransformi (s, b).

The 3D plot shavs how the wavelettransformrevealsmoreand moredetail while
goingtowardssmallerscalesj.e. towardssmallerlog(s) values Thereforethewavelet
transformis sometimegeferredto asthe ‘mathematicaimicroscope’dueto its abil-
ity to focuson weaktransientsand singularitiesin the time series.The wavelet used
determinesheopticsof the microscopeits magnificatiorvarieswith thescalefactors.

2.1 Assessingsingular Behaviour with the Wavelet Transformation

Quitefrequentlyit is the singularitiestherapid changesdiscontinuitiesandfrequeny
transientsandnotthesmoothyegularbehaiour whichareinterestingn thetime series.
Let us, therefore,demonstratehe wavelet's excellent suitability to addresssingular
aspectof the analysedime seriesin alocal fashion.The singularitystrengthis often
characterisefly the Holderexponent.

If thereexistsa polynomial P,, of degreen < h, suchthat

|f () = Po(z — 20)| < Clz — x|, 2)

thesupremunof all A suchthattheaboverelationholds,is termedthe Holderexponent
h(zo) € (n,n + 1) of thesingularityatz,. P, canoftenbeassociateavith the Taylor
expansiorof f aroundzg, but Eq. 2 is valid evenif suchexpansiordoesnotexist [11].
TheHolderexponents thereforeafunctiondefinedfor eachpointof f, andit describes
thelocal regularity of thefunction (or distribution) f.



Let ustake thewavelettransformi¥ (™) f of thefunction f in 2 = z, with thewavelet
of atleastn vanishingmomentsij.e. orthogonato polynomialsup to degreen:

+o0
/ 2™ YP(x)dzr =0 Vm,0<m<n.
—0o0

For the sale of illustration, let us assumeahat the function f canbe characterisedy
Holderexponenth(zg) in o, and f canbelocally describedas:

f(@)e =cot+cr(z—20) +...+cn(x—20)" + Clz — xo|h(z°) .

Its wavelettransformW (™) f with the waveletwith atleastn vanishingmomentsnow
becomes:

W(")f(s,mo) = %/Ch’ _ Z.O|h(z0) w(%) dr
— C|8|h(z0)/|l’l|h(z0) w(xl) d.’L’I .

Therefore we have the following power law proportionalityfor the wavelettransform
of the (Holder)singularityof f(zo):

W f(s,20) ~ |s|"*) .

Note: One shouldbearin mind thatthe above relationis an approximatecasefor
which exact theoremsexist [9]. In particular we will restrict the scopeof this pa-
per to Holder singularitiesfor which the local and pointwise Holder exponentsare
equal[10]. Thuswe will nottake into consideratiorthe ‘oscillating singularities’(e.g
z%sin(1/2°)) requiringtwo exponentg11, 12]. Neverthelessit is sufficient for our
purposeto statethat the continuouswavelet transformcanbe usedfor characterising
theHoldersingularitiesn thetime seriesevenif maskedby the polynomialbias.

It canbeshawn [13] thatfor Holdersingularitiesthelocationof the singularitycan
be detectedandtherelatedexponentcanberecoveredfrom the scalingof the Wavelet
Transform alongthe so-calledmaxima line, corvergingtowardsthe singularity Thisis
aline wherethewavelettransformreachesocal maximum(with respecto theposition
coordinate) Connectingsuchlocal maximawithin the continuouswavelet transform
‘landscape’givesriseto the entiretreeof maximalines. As we shaw in the following
subsectionjt appearghat restrictingoneselfto the collection of suchmaximalines
providesa particularlyusefulrepresentationf theentire CWT.

Let us considerthe following set of examplesof simple singular structuressee
figure 2 left; asingleDirac pulseat D(1024), the sawv tooth consistingof anintegrated
Heaviside stepfunction at 1(2048), and the Heaviside stepfunction for S(3072%),
where+ denoteghe right-handedimit. The Holder exponentof a Dirac pulseis —1
by definition. For Holder singularities,the processof integration and differentiation
respectiely addsandsubtractonefrom the exponent.We, thereforehave h = 0 for
theright-sidedstepfunction S(3072%) andh = 1 for theintegratedstep (2048).
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Fig. 2. Left: thetestsignalconsistingof the Dirac pulseD(1024), thechangen slope- integrated
Heaviside stepl(2048),andthe Heaviside stepH(3072).Right: the log-log plot of the maxima,
togetherwith their respectie logarithmic derivatives, correspondingo all three singularities:
D(1024), 1(2048) andH(3072).Lines of theoreticalslopearealsoindicated;theseare —x for

D(1024), z for I(2048)anda constanfor H(3072).Thewaveletusedis the Mexicanhat.

Thesevaluescanalsobe verifiedin the scalingof the correspondingnaximalines.
We obtain the (logarithmic) slopesof the maximavaluesvery closely following the
correctvaluesof theseexponentsseefigure 2 right. This, of course suggestshepossi-
bility of the estimationof the Holder exponentof (Holder) singularitiesfrom the slope
of the maximalines approachinghesesingularities An importantlimitation is, how-
ever, therequirementor thesingularitieso beisolated for this procedurgo work. Note
thatthe scalingof the maximalinesbecomestablein thelog-log plot in figure 2 right
only belowv somecritical scales..;;, belov which the singularitieseffectively become
isolatedfor theanalysingvavelet.Indeed the distancebetweerthe singularfeaturesn
thetesttime seriesin figure 2 left equals1024, whichis in the orderof threestandard
deviationsof theanalysingvaveletat (log(s¢ri+) = 5.83 = log(1024/3). Thisexample
largely simplifiesthe issuesincethe singularstructuresare of the samesize,resulting
in onecharacteristicscaleat which they appeaiin the wavelettransform.Also, gener
ally, the scalingof the maximalinesfor otherthanthe presentegimpleexampleswill
notfollow astrightline evenfor isolatedsingularities Still, therateof decreasef (the
supremunof) therelatedwavelettransformmaximumwill beconsistentthusallowing
estimationof h.

2.2 WaveletTransform Modulus Maxima Representation

The continuouswavelettransformdescribedn Eq. 1 is anextremelyredundantepre-
sentationmuchtoo costlyfor mostpracticalapplicationsThisis thereasonwhy other,
lessredundantepresentationg@refrequentlyused.Of course,n going from high re-
dundang to low redundang (or evenorthogonality) certain(additional)designrcriteria
arenecessaryFor our purposeof analysisof thelocal featuresof time seriespnecrit-
ical requirements the translationshift invarianceof the representatiomothingother



thanthe boundarycoeficientsof therepresentatioshouldchangeif thetime seriess
translatecdy someAz.
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Fig. 3. WTMM representationf thetime seriesandthebifurcationsof theWTMM tree.Mexican
hatwavelet.

A usefulrepresentatiosatisfyingthis requirementnd of muchlessredundang
thanthe CWT is therepresentatiomakinguseof thelocal maximaof the WT assug-
gestedn the previous section.Suchmaximainterconnecte@longscalesorm the so-
calledWavelet TransformModulusMaxima (WTMM) representatiorfjrst introduced
by Mallat [14]. In additionto translationinvariance the WTMM also possessethe
ability to characteriséully thelocal singularbehaiour of time series asillustratedin
theprevioussubsection.

Moreover, the wavelettransformandits WTMM representatiosanalsobe shavn
to be invariantwith respectto the rescaling/renormalisatiooperation[6, 2, 15, 12].
This propertymalkesit anidealtool for revealingthe renormalisatiorstructureof the
(hypotheticalmultiplicative procesainderlyingthe analysedime series.

Supposeve have thetime seriesf invariantwith respecto somerenormalisation
operationR:

f=Rf.

Thewavelettransformof f will, for acertainclassof R, in particularfor multiplicative
cascadesshav the invariancewith respectto an operator7 < R~!. This canbe
recoveredfrom theinvarianceof thewavelettransformof F:

W(f) =T W({)

andin particularfrom theinvarianceof (the hierarchyof) the WTMM tree[15, 6].
The aforementionegropertiesof the maximalinesrepresentatiomake it particu-
larly usefulfor our purpose.



3 Estimation of the Local, Effective Holder Exponent Using the
Multiplicati ve CascadeModel

We have shawvn in the previous sectionthatthe wavelettransformandin particularits
maximalinescanbeusedin evaluatingthe Holderexponentn isolatedsingularitiesIn
mostreallife situationshowever, thesingularitiesn thetime seriesarenotisolatedbut
denselypacled. Thelogarithmicrateof increaser decayof the correspondingvavelet
transformmaximumline is usually not stablebut fluctuateswildly, often makinges-
timationimpossibledueto divergenceproblemswhenthe value of the WT alongthe
maximumline approachesgero.

As aremedyfor the estimationproblemswe will usethe characterisatiowith the
modelbasedapproximatiorof thelocal scalingexponentwhich we will referto asan
effective Holderexponentof the singularity

In orderto estimatethis exponentin reallife time serieswith densesingularbe-
haviour, we needto approachhe problemof diverging maximavaluesin log-log plots
and the problem of slope fluctuations.We usedthe procedureof boundingthe lo-
cal Holder exponentasdescribedn [16] to pre-processhe maxima.The crux of the
methodlies in the explicit calculationof the boundsfor the (positive and negative)
slopelocally in scale.The partsof the maximalines for which the slopeexceedsthe
boundsmposedaresimply not consideredn calculations(For the technicaldetailsof
local slopecalculationandbounding we referthereaderto [16].) E.g.compardn fig-
ure 2 the examplelog-log slopesabove the critical scales..;;, wherethe singularities
cannolongerbeconsideredsisolatedIn particular notethatthelocal slopenearscale
log(s) = 6 andlog(s) = 7 reachestoo. Suchdiverging slopesarethresholdedindre-
movedby applyingthe boundingprocedureln this exampleandthroughouthis paper
we use|h| < 2 boundon thelocal slopef of eachmaximum.The outputof this proce-
dureis, thereforethe setof non-diverging valuesof the maximalinescorrespondingo
thesingularitiesn thetime series.

In figure 4 below, we show the effect of the procedureon the distribution of the
maximavaluesfor afixedscales = 5, for afractionalBrownian motion (fBm) record
with H=0.6.Theunboundediistributionhasa Gaussiaishapeasexpectedwhichshaws
asa parabolan thelogarithmicplotin 4 left. Boundinglocal slopesto |h| < 2 results
in arapid decayof smallvaluesof maximatowardsthelimit of 0 value,seethefilled
histogramthusmakingnegative momentswvell defined! In figure 4 right, we verify in
log-log coordinateshatthe decayof the smallvaluesfollows a power law.

Even thoughinsteadof fluctuatingwildly betweerd-oo and —oo, the WT values
arenow moretemperedthey still fluctuate with thelocal slopechangingrom pointto
point (within bounds).Of course this is why it is not possibleto evaluatethe Holder
exponentby alinearfit in log-log plot, somethingve cando for isolatedcasegjiving a
stablemaximumvaluedecay/increaséd.herefore we resortto the secondassumption,
in which we modelthe singularitiesascreatedn somekind of a collective processof
avery genericclass.For the estimationof the local Holder exponentin suchtime se-

! Onecanamueaboutwhich is better:removing the apparentlyrelevant informationfrom the
distribution of the maximavaluesor lacking the negatve moments.. Sincewe do not have
proofthattheinformationremovedis redundantye do not provide a definitive answerhere.
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Fig. 4. Left: distribution of WT valuesof fBm of H=0.6 with andwithout local slopebounding
in log-normalcoordinatesRight: boundeddistribution in log-log scale.Bound|h| < 2, scale
s = 5. Sampldength16386.

ries,wewill useamultiplicative cascadenodel.Thiswill allow usto constructastable
estimateof alocal h(xo) exponent.The multiplicative cascadenodelis a generalisa-
tion of abinomialmultiplicative processptherwiseknown asthe Besicwitch binomial
process.

3.1 Multiplicati ve CascadeModel

Let us take the well known example of the Besicaitch measureon the Cantorset,
seee.g.[17]. The setof transformationsB;, i € {1,2} describingthe Besicwitch
constructiorcanbe expresseds:

z+b;

B f(z) =pi f(—_—);
with thenormalisatiorrequirement:
prtpe=1. 3)

Additionally, we put conditionsensuringnon-overlappingof the transformations:

1+0 0+0b
L + 02
C1 Co

while all therespectre valuesb; /cy, bs /c2, ¢, c;* arefrom theinterval (0, 1).

For equalratios,p; = p» = 1/2 ande¢; = ¢ = 3 with b, = 0 andb, = 2, we
recover the middle-third,homogeneoudistribution of measureon the Cantorset.We
have the Besicwitch measurdor non-equal;, with the othersettingsabove retained.
Finally, for non-equap;, regardlesof normalisatiorEq 3 andwith ¢; = ¢; = 2 with
by = 0 andb, = 1, we have themultiplicative cascaden (0..1)interval.

Eachpoint of this cascadéds uniquely characterisedby the sequencef weights
(s1...8,) taking valuesfrom the (binary) set{1,2}, and acting successiely alonga
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Fig. 5. Left: the Besicaitch measureon the Cantorset,generationdy throughF; andthe gen-
eration Fs. The distribution of weightsis p1 = 0.4 andp» = 0.6. The standardmiddle third
Cantordivision s retained Right: similar constructiorbut on 0..1 supportinsteadof the Cantor
set,leadingto multiplicative cascadeps = 0.3 andp2 = 0.7, generationFs.
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unigueprocessranchleadingto this point. Supposahatwe denotethe densityof the
cascadeatthegeneratiorevel F; (i runningfrom 0 to max) by x(F;), we thenhave

E(Fmaw) = DPsy -+~ Ps, E(FO) = PFI’ZMM N(FO)

andthelocal exponentis relatedto the productPlfi:)"”‘z of theseweights:

o los(PE)
nee = Tog((1/2)70%) —1og((1/2)7)

In ary experimentalsituation,the weightsp; arenotknown andh; hasto be esti-
mated.Thiscanbesimply doneusingthefactthatfor themultiplicative cascad@rocess
of thekind just describedthe effective productof the weightingfactorsis reflectedin
the differenceof logarithmicvaluesof the densitiesat F, and F,,,,, alongthe process
branch:

po log(k(Fmaz)) — log(k(Fo)
Fmas = log((1/2)me) —log((1/2)°) *

The densitiesalongthe processbranchcan be estimatedwith the wavelet transform,
using its remarkableability to reveal the entire processtree of a multiplicative pro-
cess[6]. It canbeshawvn thatthedensities:(F;) canbeestimatedrom thevalueof the
wavelettransformalongthe maximalines correspondingo the givenprocessranch.
The estimateof the effective Holderexponentbecomes:

Bshi — log(wapb(SIO)) - IOg(wapb(shi))
flo log(s1,) — log(sp;)

?



whereW fw,(s) is the valueof the wavelettransformat the scales, alongthe max-
imum line wy, correspondingo the given procesdranch.Scales;, correspondsvith
generationt,, ..., while s;,; correspondsvith generationfy.

For theestimationof i, we needsy; andW fw,s(sn;). We can,of course pick ary
of therootsof the sub-tree®f theentiremaximatreein orderto evaluateexponentsf
the partial procesor sub-cascaddut for the entiresampleavailablewe mustusethe
entiretreeandfor this purposewe canonly do aswell astakingthe samplelengthto
corresponavith sp;, i.e.:

sni = ssr = log(SampleLength) .

Unfortunately the wavelet transformcoeficientsat this scaleare heavily distortedby
finite sizeeffects.This is why we estimatethe valueof W fw,;,(sx;) usingthemeanh
exponent.

3.2 Estimation of the Mean Holder Exponent

For a multiplicative cascadgrocessa meanvalueof the cascadat the scales canbe

definedas:

Z(s,1)
; (4)

Z(s,0)

wherethe Z (s, q) is thepartitionfunctionof theg-th momentof themeasurelistributed
overthewavelettransformmaximaat the scales considered:

Z(s,q) = Y (Wfwi(s))", (5)

2(s)

M(s) =

where2(s) = {w;(s)} is the setof all maximaw;(s) at the scales, satisfyingthe
constrainbntheirlocallogarithmicderivative in scale[16]. This meangivesthedirect
possibility of estimatingthe meanvalue of the local Holder exponentas a linear fit
to M:

log(M(s)) = hlogs+ C . (6)

We will not, however, usethedefinition 4 sincewe wantthe Holderexponento bethe
local versionof the Hurstexponent This compatibilityis easilyachiezedwhenwe take
thesecondnomentin the partitionfunctionto definethe meanh':

Z(s,2)

M'(s) = Z(5,0)

Thereforewe estimateour meanHolderexponenth’ from 6 substitutingM with M.
Theestimateof thelocal Holderexponentfrom now on to be denotedh(xzg, s) or just
h, now becomes:

log(W f(s10)) — (h' log s + C)
log(si,) — log(ssr)

1ssL
~
hsla -




Wi(log(s))
1

Wi(log(s))
1

X Z(s,2) + min. scale maxima ¢
line of mean H slope Z(s,2) .+
. min scale=s.lo line of mean H slope

-1 slope=h_min(s.lo)

e o

o 1 2t e

°
1 3r / 1
max scale max scale=s.SL
°
1 a4t |

slope=h_max(s.lo)

0 2 a 6 s 1 o 2 a 6 s 10
log(s) log(s)

Fig. 6. Left: the projectionof the maximalines of the WT alongtime. The meanvalue of the
Holderexponentcanbe estimatedrom the log-log slopeof theline shawvn. Also, the beginning
of the cascadat the maximumscalesy; is indicated.Right: the maximaat the smallestscale
consideredareshavn in the projectionalongtime. The effective Holder exponentcanbe evalu-
atedfor eachpointof themaximumline at s;, scale Two extremalexponentvaluesareindicated,
for minimumandmaximumslope.

4 Employing the Effective Holder Exponentin Local and Global
SpectraEstimation

Suchan estimatedocal h(zo, s) canbe depictedn the temporalfashion for example
with abackgroundtolour, aswe have donein figure 7. Thefirst exampletime seriess
a computergeneratedampleof fractionalBrownian motionwith H = 0.6. It shovs
almostmonochromatidehaiour, centredat H = 0.6 the colour greenis dominant.
Thereare however several instancef darker greenandlight blue indicatinglocally
smoothcomponents.

Thesecondexampletime seriess arecordof the S& P500 index from time period
[1984-1988].Therearesignificantfluctuationsin colourin this picture,with thegreen
colourcentredat H = 0.5, indicatingboth smootheandroughercomponentsin par
ticular, onecanobsene anextremalred valueat the crash’87 coordinatefollowed by
very roughbehaiour (a ratherobvious fact, but to the bestof our knowledgenot re-
portedto datein therapidly growing coverageof this time seriesrecord),seee.g.[18].

Thethird exampleis areallife biologicaltime seriesandcomesfrom aphids.This
is thetemporalrecordof electricalresistancea ‘penetratiogram’reflectingthe pene-
trationof thetongueof theaphidthroughtheplantcell wall. We attempto characterise
the differentregions of the time series,visible asa numberof hierarchical'pits’ of
certaindepthswithin the signal.With greenfocusedat the meanHurstexponentequal
H = 0.5, theresultquite corvincingly shavs the patchydifferencein characterisation
of the pits at (two) differentlevels of pit hierarchy Stripesof a differentcolour spec-
trum indicatea high level of non-stationarityof h distribution. Note that the obvious
amplitudedifferencedoesnotinfluencethe colourin theplot duethefactthatconstant
offsetis filtered out by the waveletused- the colouris dueto a genuinedifferencein



thelocal scalingexponent.

The last example shavs a record of heartbeaintervals recordedfrom a healthy
humanheart.Contraryto the two previous exampleswhich showv a high degreeof lo-
calisation(or non-stationarity)of the exponentstrength,this plot shavs an intricate
structureof interwoven singularitiesat variousstrengthsThis behaiour hasbeenre-
centlyreported[19)] to corresponavith themultifractalbehaiour of theheartbeatThe
greenis centredath = 0.1.

Note that theseexamplesare only meantfor illustration purposesA detaileddis-
cussionof theimplicationsof thelocal h analysisappliedwill appeaelsavhere.

4.1 Scale-wiseEvolution of the Effective Holder Exponent

In additionto one scaleplot shaving the colour spectrumof singularbehaiour, we
canalsoseethe scalepositionlocationswherethe effective Holder exponentis neara
particularvalue.We shav an exampleband of h.(s) of width e = 0.02, by selecting
h = —0.5 + 0.01 in figure8 for the recordof white noise.The numberof locations
thatfall within the bandrangevisibly growvs with scaleandthis growvth determineshe
dimensionD (h) which canbeassociatedvith the particularh, atthebandresolutiore.

SuchD(h) canbeestimatedor theentirerangeof h, resultingin theso-calledspec-
trum of singularities. It is a standardvay of visualisingthe distribution of singularities
- it givesthe (fractal) dimensionD(h) of the supportingsetof singularitiesfor each
exponentvalueh in thetime series.

~
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wherey, is the measureof the total numberof locations(selectednaxima)that fall
within the bandof sizee ata particularscalelocations;,,.

Dueto thefactthatit relieson selectinga very narrov bandof exponentsthis pro-
cedureis, hawever, inherentlysensitve to the choiceof parametersuchasthe band
width andthe densityof samplingof the scaleaxis. Thereforejt providesconsiderably
lessstablescalingestimateghanthe commonlyusedpartition functions, or Legendre
transform, method,seeRef [2]. The partitionfunctionsmethodis actuallyat the other
extreme takingall themaximaasthesupportfor themeasuref whichthemomentsre
calculatedThisis donethroughthepartitionfunctionZ, Eq. 5. The D (h),,, spectrums
thenobtainedrom the scalingof the partitionfunctionusingthe Legendretransforma-

tion: Dy (h) & 7(q), if Z(s,q) ~ s™(@. In this constructionthe momentparameter
q hasthe purposeof ‘selecting’anadequateangeof Holderexponentdrom the global
guantity Z. As a result,the partition function methodprovidesonly rough, ‘outline’
informationaboutthe D,,, (k) spectrum.

It seemgpossibleto take a middle pathin orderto calculatemore stablescaling
estimateof the D(h) in the directway from the scalingof ‘selected’maximaparts.
This canbe doneby weightedselectionreplacingthe histogrambox centredat h and
of e width, with asmooth sayGaussiankernelof e standardieviation, centredat 4.
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Fig. 8. Left: WTMM representatiomf a sampleof white noise. The maximaare highlighted
wherethe effective Holder exponentreachesa particular value of h = —05 + 0.01, ie.
e = 0.02. Right: for threevaluesof the bin sizee = 0.01,¢ = 0.2,¢ = 0.05, the logarithm
of the sumof the highlightedmaximais shavn for eachscalewith respecto the log(s) axis.
Consistenscalingof —1 rateis shovn for supremum of e = 0.02 plot.

While we will not pursuethis approackurtherhere,leaving it to a separatareat-
ment,it seemghata similarideahassuccessfullypeenappliedto large deviation mul-
tifractal spectraestimationon dyadicpartitionsasreportedn [20]. For adescriptionof
this multifractalspectrumsee[21, 22]

4.2 Log-histogramsof the Effective Holder Exponent

Let us for now, insteadof selectingone h.(s) valuebandacrossscalesandanalysing
its scaling,groupthe estimatedocal scale—wisd}(mo, s) into histogramdor eachscale
value,usingbin sizee centredat h.

We will analysehistogramsf &, taking the logarithmof the measuren eachhis-
togrambin. This conseresthe monotonicityof the original histogram put allows usto
comparethelog-histogramswith the spectrumof singularitiesD (h). Thereis a direct
correspondencketweenour log-histogramsandthe D(h) throughthe scalingof the
measureu.(s) in thebin of sizee of the histogram Estimationof the rateof growth of
this measureyvould in factbe anidenticalprocedureo the scalingestimatefor eache
wide bandof h, asdiscussedh the previoussubsection.

Thereis, however, a substantiabmountof informationin the log-histogramat a
particularscalewhich can be analysedwithout performingthe scalinganalysis.The
log-histogranshaows the relative probability densityof the Holder exponentperscale.
Assumingthatthe scalingof log-histogramis linearin log-log scale the shapeof the
log-histogranremainsinvariantacrossscalesand corvergestowardsthe shapeof the
D(h), exceptfor ‘normalisation’of themaximumof P(h), which correspondsith the
scalingof the zerothmomentin the partition functionsmethod.(Note thatthe scaling
assumptiorcanbe verified both by analysingthe scalingof the momentsand by the



scalingof theh bin contents.)rhisis why in figure 9, we shov thenon-normalisedhis-
togramsfor differentscalevalues,andcomparehemto the D,,, (h) spectrunpbtained
with the partitionfunctionsmethod.
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Fig. 9. Two setsof / histogramgor respectie scaledog(s) ~ 3.9, log(s) ~ 1.6, in topfirstand
centrerow. Below, in thebottomrow, the D, (h) spectrunobtainedwith the partitionfunctions
method(moments—5 < g < 5). Left column:for 4096 samplesof white noise.Centre:4096

samplesf fractionalBrownianmotionwith H = 0.6. Right: S&P 500index, first 4096samples
from figure 7. Local slopeboundsfor all theplots|7z| <2.

_ Forthreeexampletime serieswe shaw in figure 9 log-histogram®f the exponent
h atdifferentscalesThetime seriesconsideredarea white noisesamplea fractional
Brownian motionwith H = 0.6, anda recordof the S&P index. Startingat the top,

therow of histogramss madefor the scalelog(s) ~ 3.9, followed by histogramdor

log(s) ~ 1.6. Theupperhistogramsshav considerabléragmentationSeveralmodes
becomevisible andfor all thescalesabovethis scale thefluctuationswill dominatethe
distribution andconsistenstatisticabehaiour will becomedispersedOnthecontrary
while going down with the scale,the bulk of consistentbehaiour corvergesto one
distribution. Theconsistenstatisticabehaiour is alsocapturedn the D, (h) spectrum
obtainedwith the partitionfunctionsmethodshowvn in thebottomrow of figure 9.

Severalaspectf the D,,, (h) versusP(h) alreadydiscussedn [23] arevisiblein
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the plots. The P(h) evidently containsmore informationthan D, (h), in particulay
D (h) is acorvex hull over the P(h). Thisis particularlyvisible in the secondand
third) sample wherea pair of extremalh values,disconnectedrom the distribution,
corruptsthe D,,,(h) spectrumlit canbe verified throughanalysingthe corresponding
maximathatthesevaluesarethe endof the sampleartifactsandthusdo not belongto
the distribution. Suchmaximacan, of course be removedprior to D,,, (h) evaluation,
but we keptthemfor the purposeof illustration: the P(ﬁ) evidently shows thatthese
valuesdisconnecfrom thebulk of thedistributionwhile D,, () is inherentlyunableto
doso.

Both the distributions P(h) andthe D,,(h) spectraare evaluatedusingthe local
slopeboundof |i| < 2, onarelatively shortsamplesf 4096 datapoints.In figure 10,
we shaw boththedistribution P(k) andthe D, (h) spectrumevaluatedvith maximally
tight andrelaxedboundsandarelatively long lengthof 2'® samplef white noise We
canverify that for the maximally tight bounds,both the distribution and the D, (h)
spectrumare well clusteredaroundthe » = H value, indicating that the bounding
proceduredoesnot remove ary informationrelevantto recoveringthis partof the dis-
tribution/spectrumAlso, thewidth of the spectrunis slightly reducedvhencompared
to theresultsfrom 8 timesshorterdatasuchasusedin figure 9. The spectrunremains
within thetheoreticapredictionsl — H — h indicatedwith theline plot. Thesamedata
setprocesseavith maximally relaxed boundsgivesthe D,,, (h) spectrumwith its part
for the negative momentsexceedingthe theoreticalbounds.The histogram however,
fills the entirespacegrantecby thetheoreticabounds.

5 Conclusions

We have presented methodof estimatingan effective Holder exponentliocally for an
arbitraryresolution.The methodis motivatedby the multiplicative cascadgparadigm,
andimplementednthehierarchyof thewavelettransformmodulusmaximatree.Con-
traryto theintrinsically unstabldocal slopeof themaximalines, this estimatds robust
andprovidesa stable effective Holderexponentocal in scaleandposition.

We have presentednumberf reallife exampleausingthislocalexponentestimate.
Thecolourexponentpanelsincludedshawv theintricatescale-freestructureof thetime
seriesTheexactimplicationsof this structure of coursedependonthe application.

In addition,we have illustratedthe possibility of directestimationof scalingspec-
trum of the effective Holderexponentandlinkedit to the establishegartitionfunctions
multifractalformalism.Not asstableasthe global scalingestimategrom the partition
functionsmethod the directhistogramof the effective Holder exponentprovidescon-
siderablymore informationaboutthe relative densityof local scalingexponentsand
with someaddedstabilisationthroughthe appropriatechoiceof a smoothingkernel,
may prove to beaninterestingalternative in multifractalspectraestimation.
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